Understanding the non-adiabatic pressure, or relative entropy, perturbation is crucial for studies of early-universe vorticity and Cosmic Microwave Background observations. We calculate the evolution of the linear non-adiabatic pressure perturbation from radiation domination to late times, numerically solving the linear governing equations for a wide range of wavenumbers. Using adiabatic initial conditions consistent with WMAP seven year data, we find nevertheless that the non-adiabatic pressure perturbation is non-zero and grows at early times, peaking around the epoch of matter/radiation equality and decaying in matter domination. At early times or large redshifts (z = 10, 000) its power spectrum peaks at a comoving wavenumber k ≈ 0.2h/Mpc, while at late times (z = 500) it peaks at k ≈ 0.02h/Mpc.
INTRODUCTION
Our understanding of the physics of the universe is improving steadily. Recent observational successes, in particular Cosmic Microwave Background (CMB) experiments and Large Scale Structure (LSS) surveys (Komatsu et al. 2011a; Ade et al. 2011; Abazajian et al. 2009 ), strongly favour the cosmological standard model, in which the anisotropies of the CMB and the LSS are sourced by quantum fluctuations formed during a period of accelerated expansion in the early universe -inflation .
Since the decay of the scalar field(s) driving inflation into the standard matter fields is not fully understood, the power spectrum of the fluctuations in the scalar field is mapped onto the spectrum of the comoving curvature perturbation, R, at horizon crossing. Since R is conserved on large scales for adiabatic perturbations, the primordial power spectrum is not affected by the small scale physics, and can be used to set the initial conditions for Boltzmann codes (Bertschinger 1995; Seljak & Zaldarriaga 1996; Lewis et al. 2000; Doran 2005; Lesgourgues 2011 ). The current data allow for a small non-adiabatic contribution to the primordial perturbations, only providing an upper bound (Komatsu et al. 2011b ).
This contribution is described by the non-adiabatic pressure, or entropy, perturbation, δP nad . To date this has been calculated mainly to get a handle on the evolution of the curvature perturbation (Wands et al. 2000) , and hence the primordial power spectrum, and also played a key role in characterising the initial conditions ("adiabatic" versus "isocurvature" ). Observations of the CMB are fully consistent with purely adiabatic initial conditions (Komatsu et al. 2011b) , although a level of primordial isocurvature can be allowed (references (Valiviita & Giannantonio 2009; Mangilli et al. 2010; Li et al. 2011 ) provide an non-exhaustive example of recent studies).
However, after the initial conditions have been imposed, there are no restrictions on the non-adiabatic contribution. In this letter we focus on the relative entropy perturbation, which naturally arises in any multi-component system. This contribution to δP nad has so far not been studied in detail in realistic models, and we calculate its evolution numerically, starting from adiabatic initial conditions in agreement with the WMAP7 concordance model.
A non-zero entropy perturbation sources the evolution of the curvature perturbation, which will not be conserved on large scales beyond the time when the initial conditions are set. In practice, this will affect any calculation assuming conservation of the curvature perturbation after z ∼ 100, 000. Furthermore, it has been shown that the non-adiabatic pressure perturbation can generate vorticity in the early universe (Christopherson et al. 2009) . Although this vorticity is generated at second order in perturbation theory, it might act as foreground and contribute to the primordial B-mode polarisation signal in the CMB on small scales.
DEFINITIONS
We consider linear, scalar perturbations to a flat FriedmannRobertson-Walker (FRW) spacetime, following Malik & Wands (2005) . The total density and the total pressure including background and perturbations, ρ and P , respectively, are related to the density and pressure of the component fluids by ρ = α ρα , P = α Pα , where Greek letters label the individual fluids.
The total pressure perturbation can be split into an adiabatic and non-adiabatic part δP ≡ δP nad + c In the presence of more than one fluid, the total non-adiabatic pressure perturbation, δP nad , may be further decomposed (Kodama & Sasaki 1984) as δP nad ≡ δPintr + δP rel . The first part is the sum of the intrinsic entropy perturbation of each fluid, which vanishes for barotropic fluids. We assume here for simplicity that all individual fluids have a constant equation of state and are hence barotropic.
The second part of the non-adiabatic pressure perturbation is due to the relative entropy perturbation S αβ between different fluids, defined as
where H is the conformal Hubble parameter, H ≡ȧ/a. The relative non-adiabatic pressure perturbation between multiple fluids is then
with c 2 α ≡Ṗα/ρα the adiabatic sound speed of each individual fluid. It is straightforward to see that the non-adiabatic pressure perturbation is invariant under a gauge transformation. This also implies that if it is non-zero in one gauge, it will be non-zero in any other gauge; i.e. it can not be "gauged away".
By definition, the relative non-adiabatic pressure perturbation does not contribute to the individual fluid evolution equations and instead enters the Einstein equations. It is perhaps in this context that the non-adiabatic pressure perturbation is most familiar, governing the evolution of the curvature perturbation on uniform density hypersurfaces, ζ, on large scales (Wands et al. 2000) .
Boltzmann codes typically avoid the Einstein equations in which the non-adiabatic pressure perturbation would enter -these have instead been used as consistency checks -and so the system we are evolving remains closed at linear order.
However, at higher orders in perturbation theory, knowledge of the behaviour δP rel becomes important. In particular, the non-adiabatic pressure produced by linear perturbations will have a significant impact on the curvature perturbation on uniform density hypersurfaces, ζ, at a non-linear level. A first study in this direction was undertaken at second order by Malik (2005) , showing the dependence of ζ2 on the relative entropy perturbations. It has also been shown that the non-adiabatic pressure perturbation can generate vorticity in the early universe (Christopherson et al. 2009 ). Furthermore, if a modification to a Boltzmann code includes a perturbed total pressure the non-adiabatic pressure perturbation should be included.
DYNAMICS AND INITIAL CONDITIONS
The concordance cosmology contains five fluids: baryonic matter, cold dark matter, photons, neutrinos and some form of dark energy. We assume the neutrinos to be massless. Defining the equation of state parameter wα = Pα/ρα, baryons (b) and CDM (c) have w b = wc = c (Komatsu et al. 2011b) with the parameters
Although we employ a cosmological constant, our approach also allows for a dark energy with w φ = 1 and therefore dark energy density perturbations. These would contribute to the non-adiabatic pressure perturbation at late times. Since our focus is on the early universe where dark energy perturbations are expected to contribute negligibly, results from ΛCDM will be very similar to those from more general models. Of course, formally we should include dark energy perturbations (Park et al. 2009; Christopherson 2010) , and these will be investigated in future work.
Since the non-adiabatic pressure perturbation is gaugeinvariant it can be evaluated in any gauge, and we choose for numerical simplicity the synchronous gauge, in which the lineelement takes the form
employing the conformal time η. The residual gauge freedom is removed by choosing to co-move with cold dark matter, i.e. vc(k, η) = 0. The governing equations are then presented in Ma & Bertschinger (1995) .
1
Taking the entropy perturbation between each species to vanish at some early epoch gives the fluids the initial conditions in tight-coupling and deep radiation domination (Ma & Bertschinger 1995) 
These are supplemented by initial conditions for ψ, E and the neutrino shear which we do not present here; for clarity we have also neglected small corrections due to the non-zero matter density even in the early times, although they are included in the code. These initial conditions are implemented at zi ≈ 100, 000 to ensure that all linear modes are strongly superhorizon when the code begins. The constant Rν = ρν /(ργ + ρν ) is the relative neutrino abundance.
The system of equations can now be integrated to find the fluid and metric perturbations at arbitrary time. The power spectrum of a perturbation δ(k) is given by
where P ζ (k) = A (k/k ) ns−1 is defined using the curvature perturbation ζ ≈ R which is constant on superhorizon scales. The amplitude A at the pivot wavenumber k take the WMAP7 values A = 2.42 × 10 −9 at k = 0.002hMpc −1 . Figure 1 shows the power spectrum of the baryon density contrast δ b (k),
for the range of wavenumbers and redshifts we sample. We note that the maximum plotted redshift zmax ≈ 50, 000 and is therefore significantly later than the initial redshift zi ≈ 100, 000. 
RESULTS
We can now derive an analytical approximation for the non-adiabtic pressure perturbation. Defining the scaled entropy differences between two fluids fluids by
and using the fact that the density contrasts evolve aṡ
we find that the scaled entropy differences are governed bẏ
These equations are gauge-invariant, and apply at all times. From Eq. (5) we see that on superhorizon scales, in radiation domination and during tight-coupling, the CDM terms will dominate. Furthermore, the present neutrino abundance implies Rν ≈ 0.4 and so
Assuming tight-coupling to be exact, implying ∆ γb = 0, integrating Eqs. (10) in the early universe then gives
In finding this we have used that in radiation domination a ∝ η. A rough approximation to the behaviour in early matter domination can be found by setting a ∝ η 2 , giving the rapidly decaying
which suggests that δP rel reaches a maximum at or around the epoch of matter/radiation equality. However, Eq. (13) applies only very close to equality as it assumes a similar growth of perturbations to that in radiation equality; the most we can say is that we expect the non-adiabatic pressure perturbation to decay early in matter domination. This will be confirmed by a more accurate, numerical analysis. Given the primordial power spectrum P ζ (k) ∝ k n S −1 the power spectrum of the non-adiabatic pressure perturbation in the early universe is then
[h] Figure 2 . Power spectrum of the non-adiabatic pressure perturbation
The non-adiabatic pressure perturbation on large scales and at early times grows with scale factor. It is also strongly dependent on k and decreases rapidly on superhorizon scales, which is to be expected.
To calculate the evolution of the non-adiabatic pressure perturbation we employ a modified version of the CMBFast code (Seljak & Zaldarriaga 1996; Bertschinger 1995) to recover the velocity perturbations for the full system from radiation domination to the present day, across a wide range of scales. The non-adiabatic pressure perturbation is then found by integrating Eqs. (10).
The power spectrum of the non-adiabatic pressure perturbation is plotted across scale and redshift in Figure 2 . The oscillations before recombination are prominent, and δP rel indeed peaks at approximately matter/radiation equality. It is orders of magnitude more significant on smaller scales than on larger scales and at early times peaks at approximately k ∼ 0.1h/Mpc. Across all wavenumbers δP rel decays rapidly after matter/radiation equality. The non-adiabatic pressure perturbation is negative.
The left panel of Figure 3 shows the evolution of this nonadiabatic pressure perturbation for wavelengths between k = 10 −5 hMpc −1 and k = 10 −1 hMpc. The growth with scale-factor at the earliest times is apparent, as is the decay during matter domination. However, the period at which δP rel peaks is extended, being approximately within an order-of-magnitude of the peak between z ≈ 10, 000, significantly before matter/radiation equality, and recombination at z ≈ 1, 100, after which it decays rapidly. For very short wavelengths δP rel peaks at earlier times and decays more rapidly. The decay after recombination goes as P δP rel ∝ a −6
for smaller scales and as P δP rel ∝ a −5 for larger scales, implying δP rel ∝ a −3 and δP rel ∝ a −5/2 on small and large scales respectively.
The right panel of Figure 3 shows the dependence of the nonadiabatic pressure perturbation on wavenumber for a range of redshifts from deep radiation domination to the present epoch. The decay towards the present epoch is clear, and the scale at which the perturbation has most power grows from k ∼ 0.2 in deep radiation domination to k ∼ 0.02 at a redshift of z ≈ 500. The power spectrum scales as P δP rel ∝ k −5/2 on small scales and as P δP rel ∝ k 5 on large scales. The non-adiabatic pressure perturbation itself then scales as δP rel ∝ k 1/4 on small scales and δP rel ∝ k 4 on large scales.
These results can be summarised as Figure 3 . Power spectrum of the non-adiabatic pressure perturbation P δP rel (k,η) as a function of redshift for set wavenumber (left); and as a function of wavenumber for set redshift (right).
at early times, and
at late times. This contrasts with Christopherson et al. (2011) , which assumed δP nad ∝ k α a −5 with α = 1 before setting α = 2. This choice underestimates the gradient and overestimates the rate of decay of δP nad on large scales while failing to model the behaviour on small scales. We would like to emphasise that we are working with small but finite wavenumbers; in the limit k → 0 the non-adiabaticity vanishes, and the rapid decay (∼ k 4 ) on superhorizon scales is very clear.
The contribution to the non-adiabatic pressure perturbation due to the entropy difference between fluid species α and β is Figure 4 shows the contributions of these terms at wavenumbers k = 10 −4 hMpc −4 and k = 10 −1 hMpc −1 . At early times, the CDM/neutrino contribution dominates slightly over the CDM/photon contribution, as was expected in Eq. (11). The baryon/neutrino term is significantly smaller, and the baryon/photon term (as expected) is smaller again.
After recombination, this picture changes. The decoupling of the photons and baryons causes their relative entropy to increase significantly until at z ≈ 100, δP rel,γb δP rel,νb . At late times the baryon perturbations and the CDM perturbations become approximately equal, while vν and vγ behave similarly to one-another. It is no surprise that the CDM/neutrino and CDM/photon contributions exhibit the same behaviour as the baryon/neutrino and baryon/photon terms, and so after recombination, δP rel,γc > δP rel,νc . The difference between the CDM/radiation and baryon/radiation terms is then due to the relative abundance of CDM over baryons; in the concordance model, the CDM terms dominate by a factor of 4 over the baryon terms.
On small scales the behaviour is similar to the large-scale behaviour, except that δP rel,γc δP rel,νc for the entire period sampled. For z 5 × 10 4 this would be expected to be reversed. For all times and across all linear scales, one can therefore find a reasonable approximation to the non-adiabatic density perturbation by considering only the relative entropies between the radiative species and the cold dark matter.
DISCUSSION
We have calculated the non-adiabatic pressure perturbation in the WMAP7 concordance cosmology, finding both its magnitude and its scaling properties. It is non-vanishing and grows in the early universe, becoming most significant at around matter/radiation equality. For a wide range of wavenumbers it remains within an order of magnitude of its peak until recombination after which it decays rapidly.
Although the existence of the non-adiabatic pressure perturbation does not influence existing first-order CMB calculations employing Boltzmann codes such as CAMB or CMBFast, its study is nevertheless extremely important. Firstly, this quantity is not actually calculated in Boltzmann codes and yet has a concrete physical meaning -it is directly related to the entropy perturbation. One example we used to motivate its importance is the vorticity it will produce at second-order, the study of which is ongoing, and the magnitude of which could be sufficient as to provide an additional foreground to the CMB polarisation signals. In turn this may produce magnetic fields that could influence recombination physics or provide seed fields for the observed cluster magnetic fields, or to influence large-scale structure formation in the more recent universe. Secondly, even though the non-adiabatic pressure is formed of linear combinations of quantities evaluated in Boltzmann codes, it cannot be accurately recovered by naively combining these quantities. We have assumed entirely adiabatic initial conditions. On the largest scales and at early times, then, we have for instance δγ ≈ (4/3)δ b . The non-adiabatic pressure depends on the difference between these two quantities, which is extremely small. Calculating this numerically is then rather unstable; naively reconstructing the non-adiabatic pressure simply from the perturbations in one of the Boltzmann codes could give entirely the wrong behaviour on very large scales and at very early times.
2 As such, one needs to modify the codes to evaluate the entropy differences directly, as we have in this work.
This perturbation will have various effects. Whereas the curvature perturbation is conserved on large scales at early times while the universe can be modelled by a single barotropic fluid, this is no longer case at later times when the universe has to be modelled as a multi-fluid system. Another effect is the generation of vorticity at second order. The assumptions in Christopherson et al. (2011) were conservative; with the scalings found in our numerical study, we might expect the resulting vorticity to be enhanced. This will form the focus of a future study. In summary, we have shown that the non-adiabatic pressure perturbation is non-zero in the early universe for generic initial conditions and matter content, even if the intrinsic entropy perturbations are negligible.
